Lunar occultation can be used to measure the proper motions of some of the long time scale microlensing events, t e > ∼ 70 days, now being detected toward the Galactic bulge. The long events are difficult to explain within the context of standard models of the mass distribution and dynamics of the Galaxy. Han & Gould (1995b) have suggested that they may be due to a kinematically cold population near the Sun. To resolve the mass, distance, and velocity of individual events and so to determine their nature, one must measure parallaxes and proper motions. For long events, parallaxes can be often obtained from ground-based measurements, but proper motions can only rarely be determined using conventional methods.
Introduction
The MACHO (Alcock et al. 1995; Bennett et al. 1995) and OGLE (Udalski et al. 1994 ) collaborations have reported 54 candidate lensing events toward the Galactic bulge caused by Massive Compact Objects (MACHOs). The current estimate of the optical depth obtained by both groups is significantly higher than the theoretical estimate (Griest et al. 1991 ). Various solutions have been proposed to explain the observed optical depth excess. One solution assumes a bar-shaped Galactic bulge (Kiraga & Pacyński 1994; Zhao, Spergel, & Rich 1994) . However, the excess optical depth is not completely solved even with the adoption of a triaxial bulge (Han & Gould 1995a ).
Recently, Han & Gould (1995b) argued that the long events, those with time scales of t e > ∼ 70 days, cannot be explained within the context of the standard models of the mass distribution and stellar dynamics of the Galaxy, leaving the origin of these events as a puzzle. Although only three of the reported 54 events observed belong to this group, these long events contribute a significant fraction to the optical depth, provided that they are truly caused by MACHOs. Hence, their potential importance far exceeds their number. Han & Gould (1995b) proposed that long events might be caused by a dynamically cold population of dark objects such as black holes or neutron stars. Being dynamically cold, such objects would be located very close to the Galactic plane, and thus only objects near the Sun could contribute to the events detected toward Baade's window located at b = −3 • .9.
The objects would then have low transverse speeds and so long t e .
The time scale, t e , is the only observable from current observations, but from t e alone it is difficult to constrain the physical parameters of the long t e events.
The time scale is related to the physical parameters by
Since there are three parameters, and only one measured quantity, the individual events are highly degenerate. Here r e is the Einstein ring radius, M is the MACHO mass, v is its transverse speed relative to the observer-source line of sight, and D ol , D os , and D ls are the distances between the observer, lens, and source.
There have been two general approaches to break the degeneracy of the physical parameters; parallax and proper motion measurements. If the parallax is measured one can obtain the projected speedṽ:
The proper motion, µ, is determined by measuring the angular size of the Einstein ring, θ e :
If both the proper motion and parallax of a MACHO are measured, one can obtain the distance to the MACHO by 4) since the distance to the source stars D os = 8 kpc is known. Similarily M = (c 2 /4G)t 2 eṽ µ and v −1 =ṽ −1 + (µD os ) −1 . Therefore, the physical parameters of MACHOs would be uniquely determined from the combined information of parallax and proper motion.
For typical short events seen toward the bulge, parallax can be measured only from space (Gould 1994 (Gould , 1995 , and proper motions can be measured for only a few percent of events where the MACHO transits the face of the star (Gould 1994 In this paper we analyze the possibility of measuring the angular separation of images of a gravitationally-lensed star using the lunar occultation method and determine the uncertainty of the measurement by carrying out realistic simulations. We find that if the observation is carried out for bright, moderate-highly magnified Galactic bulge giant stars, one can measure φ sep with an uncertainty ∆φ sep < ∼ 1 mas. The observational strategy and the method to find the intrinsic angular separation from the measured separation normal to the Moon's surface are discussed in §5.
Proper Motion From Angular Separation Measurement
The angular Einstein ring radius and therefore the proper motion of the long events can be measured if the angular separation of the two images of a lensed star is measured. The locations of the images of the star are the solution to the quadratic lens equation given by
where θ I and θ S are the image and source angle measured from the lens location.
Then the angular separation of the two images is given by
where the dimensionless parameter x is the separation between the source and lens measured in units of θ e : x ≡ θ S /θ e . The value of x is uniquely determined from the light curve because the magnification of the lensed star is related to x by A(x) = (x 2 + 2)/x(x 2 + 4) 1/2 . Thus, once the angular separation between two images of the source star is determined, one can obtain θ e .
Diffraction Pattern by Lunar Occultation

Fresnel Diffraction
A stellar image produces a Fresnel diffraction pattern when it is occulted by the Moon. In this case, the star is idealized as a point source and the Moon's disk as a semi-infinite plane. When images of a lensed star are blocked by the Moon, the observed diffraction pattern will differ slightly from a perfect pointsource pattern because the image of the lensed star is composed of two images with a small separation. By carefully analyzing the occultation of a lensed star, one can use this difference to measure the angular separation which cannot be resolved using current telescope technology. Fortunately, the Moon passes through the Galactic bulge every month and this permits one to apply the lunar occultation method to measure the separation of two images of a star lensed by a significant fraction of MACHOs. In addition, since very long events are suspected to be caused by MACHOs close to the Sun, the angular separations would be large enough to measure φ sep precisely by the lunar occultation method.
The diffraction pattern produced by a background source star when it is occulted by an opaque object (e.g., the Moon) is given by 
Here the dimensionless distance variable z is defined by 
Simulation
In our simulation the observations are assumed to be carried out as follows.
During an occultation event, photometry is carried out continuously (i.e. in an aperture of 1.5 arcsec in diameter. We assume that the occultation occurs when the dimensionless impact parameter x = 0.5, and thus the magnification A = 2.18. Then the individual magnifications of the image are Table 1 . In the table the signal-to-noise ratio is computed by
We assume that other sources of noise, e.g., dark current and read-out noise, are negligible.
The theoretically-expected fringe pattern g/g 0 in the H band, centered at 
The resulting fringe pattern after the beam pattern convolution and being averaged by filter function is shown in Figure 1 (c).
Uncertainty of Measurement and Observational Strategy
The determination of the angular separation of the two images of a lensed star is made by fitting the observed fringe pattern to a set of light curves with different φ sep . This fitting process suffers from another uncertainty in addition to the one from the angular separation of the images. This uncertainty comes from the ambiguity of a reference point, which is the time of first image occultation, (i.e., θ = 0). A misalignment of the reference point would result in misinterpretation of φ sep . Therefore, we include the misalignment quantified by the shift in the reference point, ∆t 0 , as a free parameter in our analysis.
The contours of equal uncertainties measured by χ 2 in the parameter space of ∆t 0 and φ sep are shown in Figure 2 (a) for the first lensing event described in Table 1 . The contour levels are drawn at 1 σ, 2 σ, and 3 σ levels from the point of However, the uncertainty decreases significantly with increasing S/N ratio.
There are two ways to increase the S/N ratio; observing bright stars or highlymagnified events. For illustration, we compute the uncertainties for events under exactly the same conditions as the previous case except for a higher magnification A = 3.0 [ Fig. 2 (b) ] and a 0.5 mag brighter source star [ Fig. 2 (c) ], which are the second and third cases in Table 1 , respectively. For both cases the uncertainty is ∆φ sep ∼ 0.35 mas at the 1 σ level.
Practical Considerations
Lunar Topography
For an actual observation, one is required to consider some miscellaneous fac- 
Orientation of Images
We have assumed up until now that the orientation of the two images is perpen- 
Event Rate
One can measure proper motions using lunar occultations for about one long The expected occultation event rate is then 3 × (13/44) × (15/12) ∼ 1 event/yr. This is substantially higher than the number of proper motions of long lensing events that can be obtained using other methods. Another advantage of the occultation method is that for the long events the measurement could be repeated 14 for better determination of proper motion. Special attention should be paid to observing those fields which the Moon will occult sometime during a given bulge season. For some regions close to the plane, optical observations are impossible due to extinction. However, events can still be detected using H or K band observations. Indeed, the long events may well be concentrated near the plane (see Fig.   1 from Bennett et al. 1995) . Because the long events last many months, it would be sufficient to make these infrared observations once per week compared to once per day for standard optical observations.
